Lecture 10. Twvertible wmatrices

Def () The nxn identity matrix is the modrix Lo whose columns are

the standard basis vectors & &

€n.
| O O
eg L= %] L=|o 10
o1l |’
O O |

) The inverse of an nxn watrix A is the watrix A with

AR =N A=T,.

Note (1) The inverse of an nxn motrix is an nxn motrix.

(2) The inverse of o nonsquare motrix is undefined.

3) We have I, A=AT.=A for any nxn matrix A
(cf 1o=0al=a ftor any oae(R)
@) We offen write T in place of T,

% (1) The identity +ronstormotion on IR is the linear transtormotion

L\ - \R\/‘_ﬁ \Rv‘ U\J'('H/\ /_[Ln(Y):Y

(2) The inverse of o linear transformation T : R — R is +he

inear transformation T R'— R with TeT =T =T = 1..

Note (1) The standard wotrix of 1v is I,

2 A linear fronstormotion T hos an inverse.

& T Ts injective and surjective

" bi')ecﬁ\le“



Prop ™ o linear transformation TR —R" with stondard watrix A

hos an inverse T-|) the stondard woatrix of T s A
TeT =T eT=1 < AN =AA-I,
Thwm A square motrix. A has oan tnverse &= RREF(A)=T

ﬂ‘ Toke the linear “4ranstormotion T with stondard matrix A

A hos on inverse

@ T hos oan nverse
< T is injective ond surjective

& RREF(A) hos a leading 1 in every row and column
= RREF(A)=1

b
Prop Let F\—l:cé C& be an oarbitrary 2x2 motrix.

(1) T£ we hove od-bc=0, then A does not exist

) Otherwise, we have A = | {A b}

od-bc |-Cc o

Prop Let A be o square motrix with an inverse A Tf B is the

matrix formed by concatenating A and I, then RREF(B) is

formed by concatenating T ond A
B=[A|1]= RREFB)=[1 ~']



Ex For eoch linear transtormation, find the stondard wmotrix of its

nverse it it exists.

() T‘:\Rl—e\R2 which MOPS e to &-%e oand & to e

SL\ T\(a)=a—5€£=[_q and T‘(?z)—?zz[?}

= The stondard moatrix of T, is

<o)

which has an inverse

= T, hos an inverse with standard matrix

- l 1 O ||1 0O
A‘_l-l—(—?ﬂ-o[a l}— [3 l}
@ TR — R with
| X=X - | X
T.X) = {_X‘Jr Xz} for X —l:XJ
Sol The stondard motrix of 1. is

.= {_', ','}

which does not have on inverse

= T

does not have an mverse}




3) Ta: IR — R which reflects each vector Jr\/\roug\m the x-axis.
Sol N9 4

—X

T;(m:a{é} ond Tal@)=-8 = D}
= The standard wotrix of 15 is

e lo ]

w\mch hos on inverse (1-(-)-0-0=-1%0)

= Ts has an inverse with standard matrix

- l O || IO,
As= l-(—l)—D-D[O J‘ [o —J =As)

Note Tn fact if T:R— R is a reflection Harough o e,

it is nvertible with T =T
D

T(TW)=V for any vVelR
= JT=1




4) To: R — R which rototes each vector obout the origin Wroug\/\
%\r radions

ol The stondard woatrix of T4 is

- Cos (/4) -sin(T/4) | _ iz -V
* | sin(4)  cos(Ti/4) Vz V=

which hos an inverse (/o Vo —(=/m) /m=1%0)

= T4 has an inverse with standard matrix

o | [‘/ﬁ ‘/ﬁ} {‘/ﬁ ‘/ﬁ}
Y Ve Ye-EYe) Ve T T -V V=

Note TIn \Cach) it T:-R— R is o rotation obout the origin

through © rodians, it is invertible with T being the rotation
obout the origin Wrouﬂ‘(\ -8 vradions .

0 rods clockwise

N N

ToT '=T T=1 (rototion Jv\/\roug\/\ -6=0 rodians)



5) Ts: IR — R with stondard matrix

2 3
As=1 | 2
O |

Sol Toke the watrix formed ‘og cowcafemﬁvxg As and T.

o) loo§—4Q-6
offiolog-lz—l
| OO0 1 3-64

RREF(As)=I  As

w N~ O

2
I
)

wh O

2
3

O O —
H Oo—0

As

As has an inverse

= Ts hos an inverse with standard matrix

C[4a-e
As=1] -1 2 -l
3 6 4

6) Teo: IR — R® with stondard modtrix

| O -l
Ae = 5 2 -5
L -l

Sol Take the watrix formed \og covxcafemﬁmg A. and T

—_—

l o-1 1 00O lO- O 1=

323 010 SREE, 010 O+ 3

| 1 -1 OO | oo | -2
Ae I RREF(A¢)

Ae does not have on inverse

= To |does not have on mverse\




